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GrassmannOs Legacy
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In a previous conference honouring Hermann GrassmannQOs profound
intellectual contributions (Schubring 1996), | cast him as a central figure in the
historical developmentf a universal geometric calculuBr mathematics and
physics (Hestenes 1996). Sixteen years later | am here to report that impressive
new applications in this tradition are rapidly developing in computer science and
robotics as well as physics and mathgosa Especially noteworthy is the
emergence oConformal Geometric Algebras an ideal tool for computational
geometry, as it fulfils at last one of GrassmannOs grandest goals and confirms the
prescience of his mathematical insight. Geometric Calculudimaldy reached
sufficient maturity to serve as a comprehensive geometric language for the whole
community of scientists, mathematicians and engineers. Moreover, its simplicity
recommends it as a tool for reforming high school mathematics and physics, as
Grassmann had envisioned.

My purpose here is threefold: to extend my previous account of GrassmannOs
pivotal role in the evolution of Geometric Algebra to place him in a broad
historical context; to survey landmarks in the recent development of Geometric
Calculus that demonstrate its current vigour and broad applicability; to explain
precisely what extensions of GrassmannOs system were needed to meet his
ambitious goals.

Evolution of Geometric Algebra and Calculus

For present purposes, OGeometric Algétarad OGeometric CalculusO can be
regarded as synonymous, with algebra regarded as a tool for calculation. (I use
capitals to emphasize specific meanings for the terms Ogeometric algebra and
calculusO employed here.) Technically speaking, OGeometricu§@ldsl the
broader term, referring to an extension of OGeometric Algebrad to differentiation
and integration, including differential geometry and differential forms (Hestenes
and Sobczyk 1984). However, our main interest here is the underlying algebraic
structure.

A family tree of major steps in the evolution of Geometric Algebra is laid out
in Fig. 1. We have space here for only a few comments about it. The main line
proceeds directly from Euclid through Grassmann and Clifford to the beginning
of GeometricCalculus (Hestenes 1966). Perhaps Descartes should be included in
this sequence, because analytic geometry was surely a crucial input to
GrassmannOs thinking, though Grassmann drew directly on Euclid to create a
coordinatefree algebra of geometric contsp



L

ily Tree for Geometric Calculus

gAY
250 AD 300 BC| Synthetic Geometry
Syncopated Algebral,_—— | Euclid
Diophantes / M
¥ ( First printing | | A
1482) I

Analytic Geometry N

1637 Descartes
! L
Complex Algebra h
E

I798 | wessel, Gauss
v 1843 1844
Quaternions Extensive Algebra
Hamilton Grassmann
J L 1862
1854 Malrjx Algebra 1878
Cayley 1881 m——
. Clitford Algebra
Determinants Ve“g_ t().[illculus Clifford
1878 Sylvester 10bs
y 1890
Tensor Calculus 1908 '
1928 Ricci Differential Forms
Spin Algebra E. Cartan

Pauli, Dirac

Geometric
Algebra &
Calculus

Figure 1

| have included Boole in an unconnected bubble in Fig. 1 as a reminder that
extracting logical structure from natural language has much in common with
GrassmannQs program to put synthetic geometry in algebraic form.

A branch of Grassmann followerscloding Peano, Whitehead and Forder
has been pruned from the Family Tree, because they did not significantly advance
GrassmannQs agenda or contribute to the emergence of Geometric Algebra.

Ironically, W. K. Clifford (1878), the mathematician exhibiting tlieepest
understanding of GrassmannOs system and advancing it in a major way, is seldom
mentioned as a follower of Grassmann in historical accounts, though Clifford
himself could not have been more explicit or emphatic in his claim to be
following Grassman in developing what he calledg&metric algebrad
Mathematicians too have overlooked CliffordOs link to Grassmann, and, to this
day, treat Clifford algebra as a completely separate algebraic system.



Elie Cartan (1922) incorporated GrassmannOs outergbriattu his calculus
of differential forms.Though it put GrassmannOs name into the mathematics
mainstream, it so diluted his ideas that Engel called it OCartanized Grassmann.O In
another irony, Cartan (1968) also employed a matrix form of Clifford algabra
his Otheory of spinors,0 but he failed to recognize its relation to Grassmann
algebra and differential forms.

In physics, Clifford algebra was rediscovered in the matrix algebras of Pauli
and Dirac where it plays an essential role in quantum mechdiely, in 1959
the many threads in Fig. 1 converged to a rebirth of GrassmannQOs vision of a
universal geometric algebra with powerful applications to physics. The midwife
of the rebirth was a set of lecture notes by Marcel Riesz (1958). Let me describe
briefly what happened.

| was a graduate student in 1959 intensively studying the alternative
mathematical systems used in physics, including the Feynmann trace calculus in
guantum electrodynamics and tensor calculus in general relativity. | was lucky to
get a thorough introduction to differential forms, including its intuitive origins, in
a course on differential geometry by Barret OONeil, as there was no good book on
the subject in English at the time. | was consciously concerned with questions
relating he structure of these mathematical systems to the structure of the
physical world. One day RieszOs notes appeared on thkoo&wshelf of the
UCLA library. The impact on me was immediate and striking! By the time | was
half way through the first chaptemtas convinced that Clifford algebra was the
key to unifying mathematical physics. During the next few years | worked out the
framework for a fully geometric unification. The result was published in my book
Space Time Algebréd 966).

Fortunately, my boolwas widely distributed, and it helped me establish
many fruitful contacts throughout the world in subsequent years. However, |
believe its impact would have dissipated had | not followed it up with years of
further research, lectures and publications. Aldmelieve that the significance of
RieszOs notes would have remained unrecognized without the citation in my book,
which eventually led to publication (Riesz 1993).

Though the book launched me on a program to unify mathematical physics, |
refrained fromproclaiming the product as @niversal Geometric Algebra and
Calculusuntil subsequent research convinced me that was fully justified. | was
well aware that its roots were in the work of Grassmann, but it was not until the
English translations of thAusdénungslehrgGrassmann 1995, 2000) by Lloyd
Kannenberg that | realized how deep those roots were.

Independently, | had rederived most of GrassmannQOs algebraic identities (as
have others), for they are universal algebraic truths. That was better thag getti
results directly from Grassmann, for it enhanced my appreciation of his
groundbreaking work and helped me see it from a different perspective. All the
same, Grassmann still has much to teach us.

Recent Developments in Geometric Algebra
The GeometricAlgebra/Calculus bubble in Fig. 1 is unpacked in Fig. 2 to

outline major developments including a recent surge in applications. Let me
explain the significance of each box with reference to a key publication from



which the literature can be traced. Thederais invited to correlate my
explanations with the figure as | proceed.

To fulfil the promise of Geometric Calculus as a comprehensive
mathematical language for all of physics, my b&gace Time Algebraunched
me alongthree main lines of research andevelopmentthat were clearly
demarcated and consolidated within the next two decades.

The first linewas a straightforward reformulation of classical physics in
terms of geometric algebra. It produced the first comprehensive coortiimate
treatment of Newtonian mechanics, including rotational dynamics (Hestenes
1985). Both Grassmann and Clifford had a similar goal, but comparison with their
work shows what a difference a century of science can make. A similar
reformulation of classical electrodynamicsasv equally straightforward and
enlightening (Baylis 1999).

The second linef research emerged from reformulating the Dirac equation
in terms of Geometric Algebra. This revealed a hidden geometric structure in
guantum mechanics, including a hitherto unggiped geometric interpretation
for the unit imaginary relating it unequivocally to electron spin (Hestenes 1967). |
call the reformulation of quantum mechanics in these teReal Quantum
Mechanics.Though it has not yet been recognized in the physicagtmaam,
research on its implications is still underway (Hestenes 2009b).

The third lineof research and development was to produce eceathined
system of mathematical tools sufficient for addressing any problem in physics
without resorting to alternie mathematical formalisms. The result was a book
that defines the domain &eometric CalculugHestenes and Sobczyk 1984). The
most innovative features of this book are, perhaps, its concepigatbr
manifold, vector derivative and geometric integoatitheory(which generalizes
CartanOs differential forms).
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Figure 2. Development of Geometric Algebra and Calculus



Only a handful of people worked with Geometric Algebra until Roy
Chisholm (1984) organized an international conference on OClifford Algebras and
their Applications to PhysicsO that brought togetra wide range of
mathematicians and physicists with overlapping interests. In particular, it revealed
a strong connection betwe&eometric Calculugind an emerging new branch of
mathematics calledClifford Analysis The conference (with its published
proceedings) was so successful that it has been repeated every four years and is
still going strong.

In 1988 a group of theoretical physicists at Cambridge University picked up
the threads of Real Quantum Mechanics and Geometric Calculus. The most
important result was a new approach to EinsteinOs General Relativity called
Gauge Theory GravitfLasenby, Doran and Gull 1998). One byproduct was
extension of the geometric algebra approach to Lie Groups (Hestenes and
Sobczyk 1984) to spin representations for la#l tlassical groups (Doran et.al.
1993). The single most comprehensive treatment of Geometric Algebra for
physics is now available in the book (Doran and Lasenby 2003).

A resurgence in applications of Geometric Algebra was ignited when |
pointed out the ugue advantages ofConformal Geometric Algebr&or
computational geometry (Hestenes 2001). It led directly to more conferences and
innovative applications in crystallography (Hestenes and Holt 2007), computer
science (Dorst, Fontijne and Mann 2007) andotios (BayreCorrochano and
Scheuermann 2009). A compact review of current state of the art is given in
(Hestenes 2009a).

Conformal GA appears to be the ideal frameworkGtassical Geometras
envisaged by Felix Klein (1925). We describe some of itsrisimg new insights
below to complete and vindicate GrassmannOs approach to geometry. Currently,
Conformal GA is at the center of an ambitious research program to master the
complexities in advancedgeometric reasoningLi 2008). This is intimately
relatedto a branch of mathematics callenariant theory(Barnabei, Brini and
Rota 1985), and we can anticipate a fruitful interaction if not a merging of these
mathematical domains in the future.

Finally, it is worth mentioning that GrassmannOs objective ftomethe
elementary mathematics curriculum is more feasible now than ever before
(Hestenes 2002). Steps in this direction are underway, but this is not the place to
discuss the complexities of education reform.

Products in Geometric Algebra

Geometric Algbra (GA) today is very close to GrassmannOs original
algebraic system. To make the connection, we establish the correspondence of
current notation, nomenclature and definitions with GrassmannOs in his second
Ausdehnungslehre (1862). It suffices to considaultiplication. GrassmannQOs
various products were so well conceived that they are still in use today, and, as
we shall see, they can all be reduced to the fundamental geometric product in GA.

We begin with ann-dimensional real vector spacv”:{a,b,c,...}, as
defined by Grassmann in perfect accord with the modern concept. As | believe



Grassmann would have it, we use the term OvectorO only in this strict algebraic
sense. Geometric interpretation will be addressed as a separate matter.

Grassmanfs antisymmetrisuter product of two vectors (sometimes called
thejoin) is denoted by

alb="bla |  [ab]=![bd],

with the modern notation on the left corresponding to GrassmannOs notation
the right. Theouter produciof k vectors produces k-blade or k-vector A

ala,'Ela " A # |[aa,E q]"[A].

The integek is called thegradeof A.
The outer product af vectors generatespseudoscalar

ara, NE na,=A1 | [agEa]="!,

where A is a scalar and is the unit pseudoscalar, which has the properties
I!0, a" I=0 for every vectora. Here we see a subtle design flaw in

GrassmannOs system, for he identifies pseudoscalbrsaaiars. This is not a
logical mistake, but it complicates the rest of his system (as we see below) and
may have kept him from discovering the ultimate simplification with the
geometric product.

GrassmannOegressive productsometimes called thereer (Brini and
Teolis 1996,Zaddach 1996, Hestenes and Zeigler 1991) is defined for arbitrary
bladesA andB in GrassmannOs ingenious way by

Al B=(A#B) $ [A|B]=[|A|B],
where thalual A’ corresponding to Grassmans@splemen}A is defined by
A=A1=A 1 A,
with thereverse of A defined by

A:(alAaz/\E /\ak)-:ak/\E Aa, A g = (-1 DA,

The dual is often defined without the reverse, which contributes only a sign. The
reverse is included here to agmeigh GrassmannQOs definition. The definition of
dual employs thénner product(denoted by a center dot), or better, geemetric
product both of which are defined below. Grassmarsupplements based on a
concept of orthogonality that amounts to preggra Euclidean inner product.

For a pair of vectors, Grassmans@slarvalued inner producis expressed

by

alb=bla " [a|b]=[bla].
Similarly, GrassmannOs regressive product defines a-gahlad inner product
for any pair of blades with the sameade.

Now let us start all over again to defi@@ometric Algebralike Grassmann,
we introduce an associative (and, of course, distributive) product on the vector



space V" ={a,b,c,...} , but now we define it by the simple rule that the square
of every vector is a scalar. Explicitly, we write

2 —_ 2
a =aa=¢€lal,

where scalata 1> 0 is called themagnitudeof a, and itssignaturee is positive(e
= 1), negative(e = B1L) or null (if lal=0). For ay two vectors, we nowlefine
theinner product by

alb" %(ab+ba)=b!a.

It is easy to prove that this symmetric product is seaddwed and is the usual
Euclidean inner product if both vectors have positive signature. We also assume
that the inne product isnondegeneratewhich means that every vector has a
nonvanishing inner product with some other vector.

Now we define theuter product by

a/\bz%(ab—ba)=—b/\a.

Adding the last two equations, we see inner and outer products as syerandtri
antisymmetric parts of a singéeometric product

ab=a-b+anab.

The definition of the outer product is easily generalized to the antisymmetrized
geometric product of any number of vectors to give kiidades, precisely
equivalent to thse defined above. The inner product can also be generalized to
give us

aA=alA+a" A.

This decomposes the geometric product of a vector wikhbdade into a Kbl)-
bladea-A and a k+1)-bladea! A. In other words, the inner product is a grade
lowering operation complementary, or better, dual to the gmidang outer
product. That symmetry is perfectly expressed by the (easily proved) identity

a-(Al)=(@n Al .

Thus, duality interchages the roles of inner and outer products.

Now we can formulate the meet #! B=A"B’, the inner product of one
blade with the dual of another. This has been used to formulate projective
geometry in terms of geometric algebra (Hestenmd Zeigler 1991). That
approach is remarkably similar to GrassmannOs treatment of projective geometry,
but a better approach is described below.

From the vector spac¥" the geometric product generatesGaometric
Algebra G" =G(V"). Defining the outer product introducesgeading in the

algebra that decomposes it into a sum of linear subspggesf homogeneous
grade:



¢ =cv)=! g,

k=0

including the scalarsGy =R as a idimensional subspace. The geometric

product also induces a signatures) on the vector space that expresses
decomposability into andimensional subspace of vectors with positive signature
and ans-dimensional subspace of vectors with negasignature, so that=r +

s. This is incorporated in the notation for the algebra by writig = G(V"") .

Further details about Geometric Algebra are available in publications already
mentioned. My purpose here has been to show hafeqily GA incorporates
GrassmannOs ideas forMdgebra of Extensiarindeed, | submit that GA is a next
step, perhaps a final step in the evolution oM@ ersal geometric calculufirst
envisaged by Leibniz (Crowe 1967, Grassmann 1995b). Let me surantiaei
value added by this last step to GA.

In the first place, we have seen that GA reduces the algebraic structure to a
single geometric product that mixes grades. Grassmann himself recognized that
such a product is needed to incorporate quaternionsistalgebraic system, but
he did not push his analysis far enough to recognize its fundamental role
(Hestenes 1996). Indeed, the geometric product is essential not only to
incorporate quaternions (Hestenes 1999), but the whole theory of spinors and spin
representations in group theory (Doran et. al. 1993). Below, we see a simple
application of the geometric product to congruence.

But what about the strong claim tmiversality? How can that be justified?
Matrix algebra already plays the role of a unieér€arithmetic for higher
mathematics.O Indeed, from its beginning in the middle of the nineteenth century,
matrix algebra was a major competitor to GrassmannOs system, and it soon
swamped his voice. Over the next century matrix algebra was cultivated by
legions of mathematicians and physicists to become the dominant mathematical
tool in use today. From his Ausdehnungslehre of 1862 it is clear that Grassmann
understood the issue deeply (he had already declared his aim to suppress the use
of coordinate systas in geometry), but instead of critiquing matrix theory, he set
out to show how to handle linear transformations without coordinates. The
significance of GrassmannOs approach to linear algebra went largely
unrecognized, but GA has reinvigorated it withwnimols and fully assimilated
matrix algebra and all its capabilities (Hestenes 1991, Hestenes and Sobczyk
1984). Without delving into details, it is worth noting that every element of a real
matrix can be expressed as the inner product of a pair of ggtitas

8 =a b,

so the inner product plays an essential role in matrix representation. Contrary to
common opinion, though, the inner product in GA does not limit its applicability
to metric spaces. Rather, it serves the general raterdfaction(in the sense of

that term in tensor algebra). For example, every linear form, that is, every linear
mappinge of vectors into scalars, can be expressed as a contraction; thus

I':a " I@=atb.



Of course, this does not precludeednom the very useful practice of defining a
metric tensor by

gla,b)=a-b.

One last point about matrices: We co@generalizeO to complex matrices by
introducing complex numbers as scalars. However, that is not advisable, because
GA hasbetter (geometrically significant) ways to deal with Ocomplex structure.O

As to other algebraic systems, it is well known that every associative algebra
has a matrix representation. With matrix algebra incorporated into GA, it follows
that every associatvalgebra can be represented in GA. Even-agswociative
products can be represented in GA. This has been demonstrated explicitly for the
octonian product (Lounesto 1997). If there is an algebraic system that cannot be
neatly represented in GA as it stanten it is likely that GA can be generalized
to include it.

Perhaps the ultimate justification for a universality claim is the fact that GA
has by far the broadest range of applications to physics and engineering of any
single mathematical system (Heste 2003), as amply documented by the review
in this paper. Furthermore, that review supports an important observation about
GA as a language. The discussion of multiplication in the present Section is
essentially about defining ttggammar of GABut thee is far more to a language
than its grammar! You need to know how to express important ideas in the
language. Thus, creation &A as a languageequired development of a huge
superstructure of definitions, constructions, proofs and calculations to cover
classical physics, quantum mechanics. general relativity and engineering
applications. Some of it came by insightful translation from other mathematical
systems. Some of it involved genuine new insights from exploiting the unique
features of GA.

No one ha ever been more attuned to the relation of grammar to language
than Grassmann. He refined and extracted the geometric structure inherent in
synthetic geometry and expressed it in algebraic form. Then he separated the
algebra from geometric interpretatidn create a general theory of algebraic
structures with unlimited dimensions. Besides freeing algebraic structures from
the limitations of geometric intuition, Grassmann realized that the same structures
can be given many different geometric interpretaiom the following we
examine one of the most striking examples of that fact. It involves all the crucial
features of GA that have been added to GrassmannOs original system:
geometric product, the pseudoscalar, signature and null vectors.

Conformal Geometric Algebra

The Conformal Geometric Algebr&!E") for the n-dimensional Euclidean
spaceE" is defined byCIE")! G(V™™"'). The points ofE" are represented by
null vedors in V""" . Remarkably, the remaining vectors W™ represent the
hyperplanes and hyperspheres®f, and their geometric products generate the

entire group of conformal transfornmats on E", including theEuclidean Group
of rigid displacements and rotations. An example is given in the next Section.



To demonstrate the power and convenience of Conformal GA, we consider
the simplest case of tiguclidean planeE? with its algebra

CE?)! G(V*).

Immediately we encounter an astounding fact: The vector sgétes precisely
the standardvinkowski modefor spacetime, and3(V**') is (except for a trivial
difference in sign) precisely thgpacetime Algebr¢hat has been so extensively
applied to characterize spacetime geometry and physics (Doran and Lasenby
2003, Hestenes 1966).

Thus, theConformal Algebra of the Euclidean planeismorphic to the
Geometric Algebra of Spacetiinehey differ only in geometric interpretatiddb
and a wider difference in interpretation one can hardly imagine! Before

describing the geometric interpretation 6G*E?) in the next Seion, let us
examine the skeleton of the algebra.

€,
Let {e. e, e, €} be an orthonormal basis 0 1
‘ nu
in V*'. The inner product specifies the signatu cone
by:
2 _ 2_ 2_ 2 _ )
eg=-1 e =e,=e;=1,
0 1 2 3 el /
and orthogonality by: e,'e. =0 for pu#". Figure 3.
The cone of null vectors is depicted in Fig. 3. |
The outer product generates a basis of pseudoscalar
six bivectors
pseudovector

€& €&, &&, €6, €8, &8§,
four pseudovectors e, gl, el, gl

bivector

and a unit pseudoscalar:l = ggee,. vector

The ladder of subspaces &V™') is

depicted in Fig. 4, with dots indicating the
dimension of eack-vector subspace.

Figure 4.

The Algebra of ruler and compass

As envisioned by Leibniz and conceived by Grassmann, the ultimatefoal
geometric calculus is perfect correspondence between algebraic structures,
synthetic descriptions in natural language and construction of geometric figures,
as summarized by:

Algebraic forms! Synthetic descriptions! Geometric figures
Grassmann camelose to meeting this goal, but he was roundly criticized by two

of his strongest supporters among mathematicians, Friederich Engel and Felix
Klein, for an inadequate treatment of projective infinity and ideal (imaginary)

10



figures (Klein 1939). My purposkere is to show how Conformal GA surpasses

all expectations in completing GrassmannOs program and answering his critics. It
is sufficient to consider representations of geometric forms in the algebra of the
Euclidean plane. Some elementary calculationslvilomitted to concentrate on
interpretation of results.

Every point p is a null vector, p> =0 with weight ! p"# =1, where the

symbol " designates thepoint at infinity, with > =0. The innerproduct
determines the distanceg, between two points:

d2=(p,! p) ='2p,"p, #0,

which vanishes if the points coincide, thus justifying the representation of points
by null vectors. Grassmann himself made an intuitive distindigtween points
and the difference between points likg — p, (Grassmann 1995b). Now the

distinction is encoded as an algebraic difference between two kinds of vectors,
null and nonnull. We shall see that this distinction has somerssing new
implications. Before continuing, though, it may be worth confirming the familiar
properties of a Euclidean triangle determined by poimtsp,, p,. The sides of

the triangle can be represented by vectgrs- p ! p,, which implies the triangle
equation p,, + p,, + p;3 = 0, whence the familialaw of cosines

p§1+ |3§2+ 2p21' Pz = p123-

This can be regarded as an implicit definition for the cosine of the included angle,
where p,, ! p,, = d,,d,, COS" ;. Less familiar is the fact that the trigonmetiaov

of sinesis expressed by

Pul! Pn=pyu! Pu=ps! Py,

with directed areaA for the triangle given by

2A= p, APy =(Py— P) A(Ps—P2)
=PLADPs—PLA DT Py APy = (PyA Py A Ps) o

and magnitude specified by

4|A|2 = (P A Py) (P A BR) = P3P — (P - Py)* = d3,df, sin® 65
Now things get mar interesting.

A circle Sis generated by the product of three poir8s p,! p,! p,. This
algebraic form can be interpreted as an instruction for drawing a circle through
three given points, as depicted in Fig. 5. Elioh L is a circle though" , as
expressed byL=p, ! p,! " and also depicted in Fig. 5. Circles and lines are
oriented as expressed by a change in sign induced by interchanging the order of
points; thus, —-S=p,Ap,Ap, and IL=p," p," # . An orientation for the
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circle, but not the line, is indicated in Fig. 5. In many applications, such as

projective geometry, the orientation is not of interest, so the sign can be ignored.
It is often more convenient to represent geometric objecthdiyduals. The

dual formsfor both lines and circles are nonll vectors. In particular, the dual of

line L is thenormalfor the linel = L' = LI . The normal for a line is distinguished
from other vectors by being orthogonal to the paininfinity; that is,

L™ =0 # 1% =0.

This property implies that the normal can be expressed as the difference between
two points:1 =q,! g,, as depicted in Fig. 6. Conversely, the vector difference

between any two points ithe(perpendicular bisectorO of the line through those
points. The line has a magnitude given by

Lzz(pz_pl)2:|2:(qz_q1)2>0'

where the points are those depicted in Figs. 5 & 6. Consequénttgn be
interpreted as a line segment, though it does naiifgpee location of the segment
along the line.

The dual of circleSis a vector

s =s=c"%#2$,

which, like the normal for a line, is the difference between points; but, in this
case, one point is the center of the ciglehile the otherd the weighted point at

infinity. Indeed, it is readily verified that® =0 and s* = p*>. To verify that

scalarp is the radius of the circle, note that the condition for a gointlie on the
circle is

p! S=0 " p#k=0.
The usual equation for a circle then follows easily:
(p-c)’=-2p-c=p?.

Thus we have discovered the surprising fact that the specification of a circle by its
center and radius (in Fig. 7) is dual to its specification by thoggs (in Fig. 5).

L
Py
Ps
P>
S p S
Figure 5. Figure 6. Figure 7
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One advantage of Conformal GA is that projective geometry is fully
integrated with metrical geometry. For example, ith@dence relationsamong
points and lines are expressed directly by the meet product. Thus, the incidence
(intersestion) of a poinfp with lineL is expressed by

p! L=p"L=p"l=0,
as depicted in Fig. 8. Parallelism of lines depicted in Fig. 9 is expressed by
LvL,=0 & [ Al,=0.
The intersection of lines at a point depicted in Fig. 10 is expidsse
p! (L ! L,)=p"(,#1,)=0.

[
O S
P 2
Figure 8. Figure 9. Figure 10.

The projective incidence relations for intersecting objects generalize
automatically to metrical relations for objects in arbitrary positions. This could be
called metric incidence Thus, as depicted in Fig. 11, the distad between a
point and a line is given by

p-p=i5, [:2:1,

where the sign depends on the orientation of the line, so it distinguishes on which
side of the line the point lies.
As depicted in Fig. 12, the distance between a point and a wrglven by

s-p=c- p+%p2:%[p2—d2:|,

whered is the distance from the point to the center of the circle. Clearly, the sign
of s-p specifies whether the point is inside or outside the circle. It is therefore a

topological propgy expressing relative orientation. More generally, if signs are
retained but magnitudes are ignored, we have a generalization of projective
geometry to include orientation that is very useful in geometric computation
(Stolfi 1991).

+5 p e

S
Figure 11. Figure 12.

13



Since a poih can be regarded as a circle with zero radius, we have the
obvious generalization to a distance between two circles:

sls'= (c#%$2%)!(c"#%$"2%)=%($2 +82#dY).

Now we are prepared to give a response to the critique of Engel and Klein
that GrassmannOs algebra cannodllbadeal geometric formsThe sum of two
points gives us something that we not seen before:

5! %(p1+p2)=c+%"2# .

This can be regarded as iamaginary circle becauses” =! "?. Imaginary circles

arose first as complex solution$ quadratic equations, and then demanded a
geometric interpretation (Klein 1939). We have here a new possibility.
It is an old idea thdines can be regarded as points at infiniyccordingly,
we can represent lines by their normals, and deficiecke at infinity as the join
of two normals with the circledefined before:

S=11 1,1 s=(,!1,)s.

Its dual form is the vectoF = S' . SinceS* =(/, ! 1,)’s”, we can normalize with

(I, 1,)>="1,s05 has the sameenter candradius p as thereal circles.

Though the circle center israal point (a null vector), there can be no real
point p on the imaginary circle, because the equaiop=c-p—p°/2=0 has
no null vector solutions. However, the equatioS-1=c-1=0 does have
imaginary points as its solutiomdeed, the solution set consists of all lines with
weight p passing through the circle center. Thus, we seeath@haginary circle
is just a repreentation of a real circle by the family of lines through its center

As far as | know, this is a completely new perspective on imaginary circles,
and it illustrates how Conformal GA can provide spectacular rejoinders to
objections by GrassmannOs critics.

e

Figure 13. Figure 14.

All the geometric constructions so far have involved only inner and outer
products. It remains to demonstrate advantages of using the geometric product
directly. Letn be the unit normal for a given line. Then it is easy to prove
(Hestenes 200Q2that thereflection of every pointp (hence every geometric
object) across that line is specified by the transformation
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p ' p'=-npn,

as shown in Fig. 13. Following this with a second reflection across a line with
unit normalm, the net reult is arigid displacement

p ! p’=DpD

where D=mn with reverse D=nm. If the two lines are parallel, the
displacement is &ranslationthrough twice the distana® between the lines (Fig.

13). If the lines intersect at a point, the displacementr@ation about that point
through twice the angle between the lines (Fig. 14). Thus, thekn@in
synthetic description of translations and rotations in terms of reflections through
lines (or panes in E®) has been reduced to the simple geometric product of
vectors. One consequence is considerable simplification in the treatment of

crystallographic symmetries (Hestenes and Holt 2007).

The present formulation for rigid d¢ikacements, hence ofongruence
applies without change in form to symmetries Ef. In E’ it provides the
foundation for powerful engineering applications. For example, in rigid body
dynamics it unifies tnslational and rotational equations (NewtonOs and Eulers
Laws) into a single equation of motion (Hestenes 2009a).

| believe Grassmann would be greatly pleased!!
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Summary

Hermann Grassmann is a central figure in the evolutionurfieersal geometric
calcuus for mathematics and physics. This development has gathered momentum
recently from a wave of diverse new applications to computer science and
robotics driven by the emergencecoihformal geometric algebras an ideal tool

for computational geometry. Has fulfilled at last one of GrassmannOs grandest
goals and confirmed the prescience of his mathematical insiggbmetric
Calculus is now sufficiently weldeveloped to serve as a comprehensive
geometric language for the whole community of scientiseghematicians and
engineers.

Biographical note

Professor David Hestenes

Educational backgroundA in philosophy and speech (Pacific Lutheran
University) ; PhD in physics (UCLA).

Current position Emeritus Professor of Physics at Arizona State Usityer

Main research areasGeometric Calculus, relativistic electron physics, cognitive
science and physics education research.

E-mail: hestenes@asu.edu

17



